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ABSTRACT

Context. Identifying frequencies with low signal-to-noise ratiostime series of stellar photometry and spectroscopy, arabuaniang
their amplitude ratios and peak widths accurately, arécatigoals for asteroseismology. These are also challefogdsne series
with gaps or whose data are not sampled at a constant rateydtfemodern Discrete Fourier Transform (DFT) softwareséthe
False-Alarm Probability introduced by Lomb and Scarglenispproximation which becomes less reliable in time seriés langer
data gaps.

Aims. A rigorous statistical treatment of how to determine thens@@nce of a peak in a DFT, calledi§Spec is presented here.
SigSpecis based on an analytical solution of the probability thatFelpeak of a given amplitude does not arise from white noise in
a non-equally spaced data set.

Methods. The underlying Probability Density Function (PDF) of themitude spectrum generated by white noise can be derived
explicitly if both frequencyand phase are incorporated into the solution. In this paper,riedand evaluate an unbiased statistical
estimator, the “spectral signi cance”, which depends agfrency, amplitude, and phase in the DFT, and which takesaitount
the time-domain sampling.

Results. | also compare this estimator to results from other wellldigthed techniques and assess the advantagag®ges; through
comparison of its analytical solutions to the results okagtve numerical calculations. According to those tesgS@gcobtains

as accurate frequency values as a least-squares t of sdausm data, and is less susceptible to aliasing than the LSoagle
Periodogram, other DFTs, and Phase Dispersion MinimisgB®M). | demonstrate the ectiveness of i§Speawith a few examples

of ground- and space-based photometric data, illustgatrow SgSpecdeals with the eects of noise and time-domain sampling in
determining signi cant frequencies.

Key words. methods: data analysis — methods: statistical

1. Overview 2. Introduction

In Fourier Analysisa continuous function of time over a nite
In this paper | provide a brief introduction to Fourier medso time interval is expanded into a series of sine waves. These
in astronomical time series analysis (Sedfibn 2), outlixisti&ig  waves represent a superposition of an oscillation at a fueda
statistical approaches (Sectidn 3), and address the maak-w tal frequency and a discrete, generally in nite set of oga#s.
nesses in available techniques (Sedtion 4). The fundamental frequency is determined by the reciprdama t
interval width. All other frequencies correspond to integail-
While SectiongR td14 contain previously available (textiples of this fundamental. The knowledge of the amplituaied
book) information, | introduce a new and unbiased relisili phase angles for all frequency components permits one to en-
criterion (spectral signi cancgbased on theoretical statistics intirely recover the given function in the time domain.
Sectiorid. This section also addresses the correspondence b Practical applications (such as astronomical observgtion
tween the spectral signi cance and other reliability estiors. generally deal with discrete sets of measuremetirte(serie}
Section 6 is devoted to the comparison of the analytically deather than continuous functions of time and, on the othedha
duced spectral signi cance to the results of numerical $mu consider the Fourier Spectrum as a continuous functionesf fr
tions. Finally, the results of comparative tests of spésigmif- quency rather than a discrete dataset. This leads tBiwete
icance computation vs. other period detection methodsrare pFourier Transform (DFT) It allows one to determine the domi-
sented. nant frequencies of the observed physical process withtaehig
frequency resolution than is possible with Fourier Analysi
An example for the practical application of the new method Motivated by the desire to understand physical oscillatjon
vs. a widely used standard procedure is provided in Selctitin 7the scientist is interested in a couple of eigenfrequerasidshe
may be useful for the non-mathematically oriented reades wiaxact determination of related amplitudes and phasesriiide
is mainly interested in how the technique performsin “riéall the complete signal recovery. In practical applicationese are
considered to correspond to local maxirpa#k3 in theampli-
Further topics (Sectidd 8) are the application of statédtictude spectrumA widely held strategy is to
weights, the fact that a time series consists of individubksts,
and potential problems with colored vs. white noise. 1. compute an amplitude spectrum for the given dataset,
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2. identify the maximum amplitude within the frequency rangcriterion of whether to believe in the presence of a signad in
of interest, given dataset.
3. decide whether this amplitude is “signi cant’, The statistical description of the False-Alarm Probapilé-
4. subtract the corresponding sinusoidal signal from tine ti lies on aProbability Density Function (PDF)which is the con-
series, and tinuous version of a histogram, as the bins of which become in
5. use the residuals after subtracting the t from the tindese nitesimally small. Thus the False-Alarm Probability is am
for the next iteration. tegral over the PDF. In many statistical applications, plulity
i i _ . distributions may easily be described by the PDF, but arytinal
This procedure is to be understood as a loop, terminate@if #xpression of the integral does not exist, as e. g. for thesGan
maximum amplitude is not considered signi cant any moree Thyjstribution. Hitherto many statistical problems are sohin
result of these consecutively performed prewhiteningdis& af  terms of PDFs rather than of the corresponding cumulatieagu
frequencies, amplitudes, and phase angles, plus a redithal jtjes.
series (hopefully) representing the pure observationisiendn The PDF of the amplitude spectrum generated by pure
fact, part of this noise is due to measurement errors, but fi§ayssian noise at equidistant sampling was deduced by ®chus
quently merged with signal components the amplitudes ofwhi(1898: also Scargle 1982). For non-equidistant sampling, t
are too weak to be detected. As an example, the number| @fmp-Scargle Periodograh.omb 1976) is claimed to provide a
photometrically resolved frequencies in th8ct star 4 CVn in- petter statistical behavior (Scargle 1982). Koen (1998)&red
creased from 5 to 34 between 1990 and 1999 (Breger et al. 19%{, application of the Fisher test (1929) to the Lomb-Searg|
1999). o _Periodogram to estimate peak signi cance, and Schwarzgnbe

In many cases, the results of the prewhitening are subjggterny (1996) combined Lomb's solution with the analysis of
to a multiperiodic least-squares t (e.g., Sperl 1998; L&z yjariance method (Schwarzenberg-Czerny 1989) to obtaima po
Breger 2005). This represents a ne tuning to adjust freqie=) erfy| period search technique for non-equidistant data.
amplitudes, a}nd phasesto a minimum rms residual, but mdy lea a widespread, but purely empirical approach is the consid-
to the exclusion of some terms, or inclusion of new terms.  gration of a peak in the amplitude spectrum to be “real' sif it

_ The eigenfrequencies, amplitudes, and phases of stellar ggpjitude signal-to-noise ratio exceeds a given limit.g@rest
cillations provide fundamental information on the disttion of 5| (1993) suggest a value of 4. Numerical simulations fo30®
mass and temperature, the radiative and convective emarg/t gynthetic time series by Kuschnig et al. (1997) return anciss
port, or abundances of elements in the stellar atmosphete afed False-Alarm Probability of 18for 1 000 data points.
help to determine fundame_ntal parameters such as masssradi  aAp alternative way of determining periods was intro-

e ective temperature, rotational velocity, and age of a star. gy ced by Laer & Kinman (1965) and statistically examined
by Stellingwerf (1978). ThePhase Dispersion Minimization
method is based on the assumption that the correct perioftlwou
produce a phase diagram with the lowest intrinsic scatteis T
algorithm is a powerful tool especially for non-sinusoigati-
odicities, e.g., if the stellar surface structure is obsdrpho-
tometrically as the star rotates. In this situation, theaauage

and transparency variations in the Earth's atmospherelifi-e compared to Fourier techniques is the simultaneous trewinfie
nate the third component, observations with instrumentsuab  all overtones that determine the shape of the signal.

of spacecraft have been used increasingly by the astromabmic In the case of multiperiodic variability, PDM loses accyac
community during the past two decades. Unfortunatelyystraince the phase diagram for one frequency is contaminated by
light scattered from the illuminated surface of the Eartinan all others, unless they are integer multiples of this freqye

duces additional quasi-periodic artifacts that are nog &abhan-
dle and hence represent the major constraint to the accofacy
space-based data acquisition (Reegen et al. 2006). 4. Problems

An unbiased criterion to decide, whether a peak amplitudejscioser examination of the fundamental properties of thd DF
tant, because the choice of the most signi cant peak determi
all further iterations in the prewhitening sequence. Adbls 1.
identi ed signal component usually perturbs all resultsaied
subsequently.

In addition, Scargle (1982) points out that Gaussian noise
in the time domain may produce a peak of arbitrary amplitude
in the DFT spectrum. Since there is no natural upper limit to
amplitudes produced by noise, the danger of misinterpoete 2.
imminent, and the “signi cance' of an examined peak needs to
be described by a probability distribution.

Of course, the probability that white noise produces a low-

3. Statistical aspects

In practical applications, a signal is not only of stellaigar but
a superposition of the information received from the stestru-
mental (pseudo-)periodicities (e.g., invoked by thermalats),

The peak frequency in the amplitude spectrum of a single
sinusoidal signal is not recovered correctly (Kovacs 1980)
This is a side eect of the restriction to a nite time inter-

val rather than a property of non-equidistant samplingoAls
the Lomb-Scargle Periodogram sers from systematic peak
frequency displacements (4e€l6.2).

The “entire' spectrum is de ned by thdyquist (Critical)
Frequencyas the upper limit for equidistantly sampled data
(Whittaker 1915; Nyquist 1928; Kotelnikov 1933; Shannon
1949; Press et al. 1992). In the case of non-equidistant sam-

amplitude peak is higher than that for a high-amplitude p&ak

other words, thd=alse-Alarm Probabilitythat the highest peak
in an amplitude spectrum is an artifact due to noise is lower f
higher amplitudes. This de nition is reasonable becausaliis

on the highest available peak, since one cannot trust arky; pea

if even the one with the highest amplitude is unreliable hiis t
perspective, the False-Alarm Probability appears to bea go

pling, there is no unique de nition of such a limit. Horne &
Baliunas (1986) suggest the average sampling intervahwidt
for the calculation of the Nyquist Frequency; Scargle (1982
and Press et al. (1992) promote the minimum sampling in-
terval; a variant discussed by Eyer & Bartholdi (1999) is to
pad the entire dataset with zeros to achieve equidistant, bu
much denser sampling in the time domain and to take the



P. Reegen: i§Spec 3

resulting sampling interval as a Nyquist Frequency estim . . ..
tor. The most promising method was introduced by Spe 2|~ . E R . ‘. .7

(1998): each sampling interval of the non-equidistant s~ | = % & .4 L % a0 x0T
ries is considered responsible for its own, individual Ngtu =~ o[- = 4 ,«i A ..* _
Frequency. In a subsequent step, a histogram of all indivi | - &7 . = PO - ]
ual Nyquist Frequencies helps to decide where to de ne : ! : K “

healthy upper frequency limit. ]

3. Periodic gaps in the time-domain sampling introduce-pe F — —
odicities in the Fourier Spectrum. In this case, a single ¢ , | -
nusoidal signal is represented by a peak that is accompar
by several aliases. In order to overcome the systematic & { “eooow e o N
fects of non-equidistant sampling in the frequency domai g 0} # ;’* 7":\ gk‘
Ferraz-Mello (1981) examined the possibility of incorpgeras
ing the sampling properties into the DFT amplitude spectru
by introducing appropriate statistical weights. His stlety L _
to the design of harmonic Iters, which may help to improve ’ : .

S
T
|

the selection of peaks. A dérent approach is the consider- [~ . ’ . . . .- e "_. Lo
ation of the entire ‘comb’ of aliases instead of the peak wit [ = & G w @ F G\ % R 4 ]
the highest amplitude only (Roberts, Lehar & Dreher 198 of- = N\ g /.5 N\ % /5 N 7 /& i /5N F o
Foster 1995). AN A S AN N

The goals of the present paper are

— to deduce the depedence of the Probability Density Functior time

of non-equidistantly sampled Gaussian noise on frequerfglg. 1. Schematic illustration of a time series with periodic
and phase (Sectigh 5), gaps representing Gaussian noise with a standard deviation
— to introduce spectral signi cance as a measure of Falsegual 1 {op) to visualize the dependency of the corresponding
Alarm Probability [5.5), frequency-domain noise on frequency and phase, as well as on
— to compare the theoretical solution with the results of numehe characteristics of the time-domain sampling. In the éwo
ical simulations[(6]1), and amples referred to in the lower panels, a test signal is aysul
— to quantitatively oppose the accuracy of the peak freq@snc{dashed linesfor which the DFT shall be evaluated. If the fre-
using spectral signi cancd (6.2, 6.3) vs. the “simple’ DFjuency and phase are combined such that the data points con-
amplitude, the Lomb-Scargle Periodogram, PDM, and tlgistently align around the times when the trigonometriccfun
DFT amplitude plus improvement of resulting peak frequetion attains a small value, only a small fraction of the time-
cies by least-squares tting. domain noise will be transformed into the frequency domain
) ) (mid). For a combination of frequency and phase grouping the
~ Afrequent problem in the context of astronomical observgata points around the maxima and minima of the test signal,
tions is that all measurements do not necessarily have the sahe time-domain noise will produce a higher frequency-dioma
variance. This may be due t(? dirent mstr_umentqtlon for dif- noise, Corresponding&)bttom_ The rst of these two cases pro-
ferent subsets of the time series or changing environmeatal dyces a narrower probability distribution in Fourier Spaared
ditions, such as thermal noise or transparency variationisé consequently, a signal with the same amplitude will be @bnsi
Earth's atmosphere. Statistical weights are introducéd the ered more reliable in the rst case than in the second.
spectral signi cance in order to take appropriate accotinhe
variable quality of measurements within a single datasé)(8

For a time series with gap¢Fig.[), the relevant in uence of
the time-domain sampling on the frequency-domain proksbil
distribution is determined by the phase coverage of the ureas
This section presents the theoretical evaluation of trepeacy- ments: a combination of frequency and phase for which the-int
domain PDF for a non-equidistantly sampled time serieserepwals containing data are consistently associated to amdiese
senting Gaussian noise. the corresponding trigonometric function (‘test signakjains

A very important fact for the statistical analysis is, that ilow numerical values will result in a lower noise level than a
most practical applications, the mean value of the obsézvab combination allocating the data close to angles where the ma
shifted to a xed value (frequently zero) before the DFT islev ima/minima of the test signal are located. The rst case will gliel
uated. The statistical description of frequency-domais@bas a narrow probability distribution, the second case a brazel o
to take this fact into account. Consequently, a signal with the same amplitude has be consid

In statistical terms, the Fourier Coeients are regarded asered more signi cantin the rst case. These strong phasedep
weighted sums of random variables. Such sums tend towarddescies are mitigated for frequencies providing a bettersph
Gaussian distribution as datasets become large enougle.thim coverage.

Fourier Coe cients for each frequency represent the Cartesian Consequently, the amplitude distribution in Fourier Space
components of the two-dimensional Fourier Space, the treswlill have to be a function of botfrequency and phasevhich

ing Gaussian distribution will be two-dimensional (bivag) as
well. Furthermore, as the Fourier Coeients are functions of 1 The time base represents 10 nights of ground-based phatoofet
frequency, the considered Fourier-Space probabilityitigion the star IC 4996 # 89 (Zwintz et al. 2004; Zwintz & Weiss 2006¢e
will depend on frequency, correspondingly. for further detail.

5. Amplitude PDF for non-equidistant sampling
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is achieved by expressing the bivariate Gaussian PDF irr pooe cients according fo
rather than Cartesian coordinates.

K 1 K1 K1
The probability of a peak generated by noise to reach a givgy), (1 ) := 1 X COS! ty i X< cos!t; ©)
amplitude level may be evaluated through integration of the K o 2 k=0 1=0
PDF over amplitude, which leads to tGamulative Distribution K 1 K1 K1
Function (CDF)and False-Alarm Probability, based on which g, 1) .= 1 X sin! ty 1 X sin!t: )
more informative quantity, the spectral signi cance, isrobal. K\ 2 o 1=0
Due to the linearity of the Fourier Transform, the subti@tf
5.1. Zero-mean correction a constant in the time domain refers to a subtraction of atedec
window in the frequency domain
In astronomical applications, magnitudes are usually axyext Rearrangement of indices yields
to a pre-de ned constant (zero or non-zero, as obtained meso K 1 K 1
theoretical concept or calibration) before the amplityzcsrum am (1) = 1 X Bhos! t 1 cos! t (5)
is evaluated. The following considerations apply to obables M K o K K =0 tak
adjusted to zero mean. If a non-zero constant is choserathste K_l K_l
the DFT will change, but the False-Alarm Probabilities wet Ly = 1 i Lt 1 . t%' 6
main the same. In this case, one prefers to evaluate a DFT sdgé" ()= K Xgn® L K SN g ©6)

trum for the time series as itis but use a zero-mean correeted

sion of the dataset for the computation of spectral sigma=s. Given pugg @aussian noise in the time domain with a popula-
Considering a time serieg := x(t) to be generated by ation variance x? , eqsb[b allows one to consider both Fourier

Gaussiap rgndom process with expected value 0 and populafioe cients as linear combinations of Gaussian variables with

variance x2 , the time-domain PDF is expected values 0 and variances
D E

D.E 2 K1 LK1
By ()= osl tx —  cosl t§; @)

2 Kz K

1 o D E O =0

(Xk)::-p—z Zezh(_i_: (1) D E X K1 - 1K1 E

) b%M t) = ra in' ¢ — sin! 4§ : (8)

k=0 1=0

Given a random process that produces an in nite populatfon o Thanks to the Central Limit Theorem (de Moivre 1718;
Gaussian random variables, the mean of a nite sample of ratuart & Ord 1994, pp. 310f), the consideration of these -coef
dom variablesy is free to scatter around the population meargients as Gaussian variables holds to a sient degree, even
Gauss's law of error propagation returns a variance of thgpga  if the time-domain noise is not Gaussian, because even short

mean which is proportional to the inverse number of datatpoirflatasets in astronomical applications are long enough acedp
in the sample, to the fast convergence of the PDF towards the Gaussiaii distr

bution with an increasing number of random variables.
D E
X2

D E 5.3. Frequency- and phase-dependent PDF

2 _ .
hd® = K (@ since the DFT produces a two-dimensional vedmmt), the

probability distribution in the frequency domain will aldme
two-dimensional, so-called bivariate.

If the nite sample is arti cially adjusted to zero averagie The combined probability density of two fndependent

sample mean value is not allowed to scatter any more. Sirce thaussian variables, with corresponding variances? ,

standard error of an individual data point implicitly cqlmmt_h_e is given by a bivariate Gaussian PDF,

standard error of the mean, too, zero-mean correction veil d |

tort the PDF of the random variable. The only exception with 1 12, 2

an invariant PDF is the Fourier Analysis, i. e., equidistame- (; )= —p——¢ > h#i "ha ; 9)

domain sampling and a set of discrete frequencies. 2 2 2

An alternative (and promising) method in this context is thithe covariancér i vanishes.
Floating-Mean PeriodogrartCumming, Marcy & Butler 1999), — . o
which is based on a least-squares t of a sinugmigsa constant 2 Some applications prefer a dirent normalization of edsl[g, 6. E. g.,

to the time series, the latter retaining the free scatten@gam- N publications dealing with the theoretical aspects ofcfional anal-
ple mean ysis, both Fourier Coecients and the inverse transform from the fre-

. . . . 1.
guency into the time domain are frequently normalizedkby instead
of K 1. Also in the eld of communications engineering, dirent nor-
malizations are used. In fact, one is free to distribute trenalization
factors among these relations arbitrarily, as long as tbdumt of both
] o factors isK 1.

Incorporating the eect of zero-mean correction into the sta- s gjnce the Fourier Analysis of equidistant time series isrictsd
tistical gxamination, the zero-mean corrected magnit@dees 1o discrete frequencies associated to orthogonal DFTimgotwill
Xk % L(:ole have to be used for the calculation of Fouriechange for non-zero frequencies in this special case.

5.2. Distribution of Fourier Coef cients
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The fact that the Fourier Coecients azy, bzy of pure xedfrequency and a xed phase in Fourier Space. Accordingl
noise are two linear combinations of the same random vecthe PDF is normalized by the condition that its integral awer
in Fourier Space diminishes the degrees of freedom by 1. ¢lemntire amplitude range (from 0 tb) has to be 1. Furthermore,
they may be considered independent to a sient degree, if the amplitudes being de ned 0 introduce a factor 2 into the argu-
sample size is large enough. Consequentlyaiybzvi = 0, ment of the exponential function.
eq[9 describes the bivariate distribution of Fourier Coients Eq[16 presentR( ) as an ellipse in polar coordin:i\)tes. The
related to noise satisfactorily. According to Apperidix étating semi-major and semi-minor axes are 2 (eq[A3)and 2
the Fourier Space coordinates by an anglgiven by (eq[A3), respectively, and the orientation is determibgdo.
tan2o(! ) = This e_IIipse _wiII be called thems error ellipse Its orientation

0\ and dimensions depend on frequency.

K Pk lain2 t 2PK 1cos! t Pk Lgin! t Eq[I0 has got a set of solutions ferassigned to orthogonal
= k=0 K P k=0 '2 K F'§=° -k 5 (10) directions: if o is a solution,then the complete set of solutions
K Kdcos2te — [Kjcoslty "+ [4sin! ty is o+ Z 8z2Z.Whether 2 returns the semi-major axis

) ) ) ) and 2 the semi-minor axis of the rms error ellipse, or vice
transforms the Fourier Coecientsazu, bzv into coe cients ,  yersa, depends on the choice gf This paper consistently uses

with zero covariance, as desired. _ solutions of ¢ that assign o to semi-minor axes, which yields
_ The DFT of a measured time serigscontains only an am- the maximum spectral signi cance for all phase angles under
plitude A but also a phase angle consideration.
K 1y cinl t As shown later (s€e 8.6), the introduction of the normalized
(1) = p2 XcSin® & : (11) semi-major and semi-minor axes,
K & xccos! t s
2
This additional information may be taken into account byleva ol o= 2K7 =

ating the conditional probability density of amplitude focon-

stant phase angle pre-de ned by the DFT of the time series M 5 % X 1 1 3 %
under consideration at the frequency £ 3K 2( t It =" 17
The transformation of ef] 9 from Cartesian into polar coor- K2 § k=0 cos(tt o 1=0 costth o) § ()
dinategA; )is performedviad d = AdAd (AppendiXB.1) s
with o o= 2K 2
A oy o)== e
= 5cos( o) (12) ¥ —s8 .9
A 2 8 K1 L 2
=3 sin( o) ; (13) ra 3K sif (!t o) sin(lt oég: (18)

k=0 1=0
where the fact, that the coordinate system is rotated by a con

stant angle o, does not contribute to the Jacobian of the trankespectively, provides the separation of sampling-depend
formation. The division by 2 is introduced by collecting tmn- Quantities from quantities that only depend on the DFT ampli

S : tude. In this context, the term “normalized' means that fer a
tributions of bothA (! ) andA( ! ) — which are equal for regl uments t uniformly distributed on [02 ], the expected
observables — to the total amplitude. The transformed anugi 9 k 0 y ' P
PDFE becomes value; of both ¢ .and oare 1. .

" “ Given the orientation of axesg, and the normalized axes,
2 cosZI(2 o)+5i“2$2 0) 0, 0, 0fthe ellipse, the standard deviation for an arbitraryggha

! o (14)  in Fourier Space is the radius of an ellipse in polar cootdina

. A
A )= —p—=—= ——¢
2 (R, ) according to

Of course, does not only depend on amplitudeand phase

, butalso on ¢, ¢, and o, which are determined by the time-R= — -
domain sampling and are functions of frequehcifhe bar sym- 2K 2co@( o)+ ZsiP( o)
bolin (A; j!)is in_troduced to formally separate randomvari-  Tpe three parameters, o, o describe the ellipticity of the
ables to those considered constant. o two-dimensional PDF for Gaussian noise in Fourier Space and
RrChanging  the  noggmalization  condition  fromyy 5 represent the cornerstones of spectral signi caneguev

rdAd (A j!)=1into ,dA (Aj} )=1lyields ation. All subsequent relations will be given in terms ofgbe
three quantities.

2 2 2
X 0 0

(19)

(Aj; ):%eﬁf (15)
with 5.4. False-Alarm Probability
s The Cumulative Distribution Function (CDH} obtained by in-
2 2 tegrating the PDF (eQ.]L5) according to
R:= - : (16) z
2 co@( o)+ 2siP( o) A
(Aj )= dA AL (20)
The di erence between €q.]14 and[ed. 15 is thdf €q. 14 is a bivari- 0
ate PDF of amplitude and phase, whereas ifL €q. 15 only the amich yields
plitude A is considered as a random variable, arid constant.

A2
This relation returns the probability density of amplituide a (Ajl; )=1 e®: (22)
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D_E
Thus the probability for an amplitude to exceed a given liit series under consideration. Unless the population vagiaxic
is given by of the noise used for comparison is given by theory/andther
) obsegyations than the ones under consideration, the saape
. A i
rm(AjlL )=e | (22) ance X of the observable may be used as an estimator.
which is the False-Alarm Probability of an amplitude level a The Cartesian representation ofled. 24, |
phase (and frequency , since , o, o, and o are frequency- . K log e azw cos o + bzysin o 2
dependent quantities). sig(azwibzmj!) = —5 ;
!
5.5. Spectral signi cance L sin o bzy cos ¢ Zi_ (25)
The frequency- and phase-dependent False-Alarm Protyadfili 0 ’

an amplitude level was introduced as the probability that ra;
dom noise in the time domain with the same rms error as t
given time series produces a peak in the DFT amplitude spe
trum which is at least as high as the corresponding amplitu
level for the time series itself: if a peak is assigned a False
Alarm Probability of 000001, its risk of being due to noise
is 1 : 100000. In this section, the spectral signi cdhes a
more informative quantity is introduceld (5.b.1). It is theérse
False-Alarm Probability (in this case, 100 000) scaled fitlga
mically. In the present example, the conversion of a Falsera
Probability of Q00001 into spectral signi cance returns 5. |
this context, the spectral signi cance is presented as arltg
mic measure for the number of cases in one out of which t
considered amplitude would be an artifact.

Plotting the spectral signi cance vs. frequency yieldssie
ni cance spectrum, and the identi cation and considenataf
the highest peak in this spectrum may lead to a statement
the signi cance of the entire spectrum. The argument islsimi
to many existing signi cance estimates (e.g., Scargle 1982

the highest peak in the spectrum is below some limit, the@ntly, ;o teristics of the time-domain sampling into an amgét
spectrum has to be considered insigni cant. But insteadsof@l i, o nendent function of frequency and phase. This will fead
the (statistically biased) signal-to-noise ratio as ashodd, the the Sock Diagrani(5l6).

spectral signi cance is employed. The application of thesp A "f,ther practical advantage gf fhis separation is the oc-
tral signi cance concept to the highest peak out of a sanple i . AnCE |
brie y discussed[(5.52). currence of the population variancg® independently of fre-

The formal correspondence to traditional techniques, iiamé&luency and phase. For small samples, the higher uncertsinty
signal-to-noise ratio and the Lomb-Scargle Periodogranafi the estimated pgpgation variance may be overcomgbj uséng t
special interest and hence provided subsequdnfly [5.53l)5 sample variancex? instead of the population variance® and
increasing the spectral signi cance limit for peak acceptaac-
cordingly.

s useful for practical applications and will be employedtfre
plementation of statistical weights (se€l8.1). The stipsc
M' indicates zero-mean corrected time series data, irsisn

cy with eqd.13.14.

Thanks to the logarithmic scaling, the spectral signi canc
appears as a product form (as opposed to an exponential func-
tion), where one factor (the bracket term) contains all imfa-
tion on the ellipticity of the underlying PDF in Fourier Sgac
and is entirely determined by the time-domain samplingsThi
term is scaled according to the squared amplitude. Thedigren
Ntous consequence of this separation is that the evaluafion
he bracket term applies to all datasets with the given sagpl

a prewhitening cascade, the sampling of the time serits wi
not change. Consequently, the bracket term remains vatid fo
the entire sequence and has to be computed only once. In the
prewhitening cascade itself, it is swient to rescale the bracket
t8fm by the squared amplitude, which speeds up the computa-
tions considerably.

Thanks to this formal separation, it is possible to packwl t

5.5.1. De nition

To enhance the compatibility to the popular signal-to-eo#io

criterion (se€5.5]3), the spectral signi cance of a DFT kitage 5.5.2. Spectral signi cance for a statistically independe nt

. sample
is de ned as

o . _ One may desire to evaluate the spectral signi cance for itje-h
sig(Ajh )= log ra(Ajl ) (23)  est out of a sample of peaks in the signi cance spectrum — in

e _ analogy to the procedure presented by Scargle (1982). bjlis ar

or —using eq$.19 aidP2 ments may be applied to the spectral signi cance directly.

o K A2 Iogeéco§( o) sir( 0)§ For a g@ven spectral signi cance IeveI_ sig, the probability
sig(Aj!; )= R > + > ; (24) of an amplitude level generated by a noise process to exceed

X 0 0 the spectral signi cance limit sig is the False-Alarm Prblbisy

; ; Fa. Itis linked to the spectral signi cance via €q123. The com-
with the normalized axes,o and o, as de ned by eqs. 1718, plementary probability that such an amplitude level is hedg

and the orientation of the ellipse in Fourier Space accortbn !

eq[I0. Since the anglg was chosen to refer top as the semi- 1S ra. Givenasample dil such amplitude levels, which are
minor axis of the rms error ellipse, now corresponds to the Statistically independent, the probability of none excegasig

H N H N
phase of maximum spectral signi cance for a given frequency!S (1 Fa)". Again, the complement, 1 (1~ ra)", returns

P : ; bability for at least one peak out of the sample to edtce
The concept of spectral signi cance computation relies otne pro X .
the analytical comparison of the DFT amplitude generated by>'d- N other words (and using €g123 to substitute fex), the

measured time series to noise at the same variance as the fiage-~larm Probability for the maximum of a statisticafiye-
pendent sample dfl peaks is

4 to be distinguished from signi cance in the sense of a comcke N
threshold as used in hypothesis testing. dea=1 1 1099 ; (26)
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This False-Alarm Probability may be transformed into a §@éc rms error was performed. The agreement with_ely. 31 for spectr

signi cance (using ed. 23 again), which yields signi cances< 200 and a corresponding signal-to-noise ratio of
N 25 is excellent. At higher spectral signi cances, the faling
§ig= log1 1 10°%9 (27) e ecthas to be taken into account:

The spectral signi cance is related to a peak generated by

for the Spectra| S|gn| cance of the maximum out of a samp|e (ETOISG with the same variance as the observable under coaside
N statistically independent peaks in the signi cance speuotr ~ tion, i. e.without prewhiteningFrequently, a signal-to-noise ra-

Solving eq2Y for sig yields tio celculatron relies on the rmeS|dual i.e.with the peak under
q | consideration prewhitened. Since (on average) a sinussigta
sig= log 1 N 1 1089 ; (28) nal with amplitudeA contnbutes% to the variance in the time

domain, the population variance of residuals in the time a@iom
evaluates to

which allows one to immediately convert a chosen threshmid fp £ E A2
maximum spectral signi cance into “individual' spectragsif- r2 2 - (33)
icance (as given by €lg.P4). In most practical applicatitms, 2
approximation Using this relation, e@.B.11 permits one to calculate anlamp
tude noise level with the considered peak prewhitened,rdeco
sig Sig+logN (29) ingto
e
is su ciently accurate. A2
For an equidistant time series consistingkofdata points, N (A) K X2 ) , (34)
the number of statistically independent DFT amplitude$ isf N )
K is an even number. One may $¢t= X as a rough estimate @nd writing ed. 31 in terms dfl (A) leads to
also for the non-equidistant case, whi :iw performs quitelsl A loge K o 35
in practical applications. (A) 2 2 (35)
For example, if a maximum spectral signi cance threshold * 2K N(A)

of 5:46 shall be applied to a time series consisting of 1000 Fig.[2 shows the dierence in spectral signi cance for ampli-
data points, the corresponding “individual' spectral s@@mce tude noise with and without prewhitening as a function ofetim
threshold would be 26, which is in good agreement with theseries length. This dierence increases dramatically as datasets
numerical results by Kuschnig et al. (1997), who obtaineidga sbecome shorter. When relying on signal-to-noise ratiamesti

ni cance of 3 in this case, examining 19 300 synthetic time&on, the issue of prewhitening is crucial and in some waygshi
series. sophical. If the considered peak is believed to be “truefiarpr
then it will have to be prewhitened for the noise calculatibn

it is assumed to be an artifact, noise will have to be caledlat
without prewhitening. However, the answer in terms of sgadct
signi cance is unigue and clear: since the spectral sigance
The correspondence between spectral signi cance and Isigrenalytically compares the considered time series with doan
to-noise ratio is obtained through substitution of[ed). 24ty ized one, i. e. keeping the time-domain rms deviation theesam
amplitude signal-to-noise ratlﬁj— according to ed.B.11. This the correspondence to a non-prewhitened signal-to-naiée r

5.5.3. Connection between spectral signi cance and
signal-to-noise ratio

yields would be correct — if desired at all. The computation of thecsp
tral signi cance allows one to completely omit the poteliyia
Sig(Aj 1 )= ambiguous computation of noise levels by averaging ang#itu
| over a frequency interval about a considered peak. In gktieea
loge A 2 §c0§ ( 0)  sir?( 0)§ ) latter are not objective, since the resulting noise levpkdels on
2 A Cz) + 2 ) (30) the choice of the interval width and whether unresolved peak

are encountered.
Given uniformly distributed arguments of the trigonometri

functions, the expected values of bothand ¢ evaluate to 1. 5 5.4. Spectral signi cance and Lomb-Scargle Periodogram
Thus an apprOX|mat|on for the correspondence between ampli

tude signal-to-noise ratio and spectral signi cance isaotgd If the in uence of the zero-mean correction on the statatic

by characteristics of the Fourier Coeients is neglected, e§s]17,
L [I8 simplify to
sig(A) Iig © % : (31) ¥ > 2 K 1 3
o(l; o) := re cog( tx o) (36)
For example, an amplitude signal-to-noise ratio of 4 — asga su k=0
gested signi cance estimator by Breger et al. (1993) — rdyigh Y 2 K 1 3
ds to a spectral signi cance of . —
correspon NN v sir? (! ty (37)
sig(4hAi) 4 loge 5:4575: (32) k=0

respectively. In this case, the evaluation gf as performed in
A numerical simulation for 42 597 time series, each CO”S'%ppendD@ _ transforms ef-10 into

ing of 14400 equidistantly sampled data points represgrain
single sinusoidal signal with randomly chosen amplitude; f 5'”2 t

tan2o(! ) = (38)
quency, and phase, plus Gaussian noise with randomly chosen k ; lcos2 ty
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5.5 e e = —— For classical DFT-based methods, the spectral windowss fre
5.00 1 quently used to determine the ects of time series sampling in
g 1 the frequency domain. It is de ned as the DFT amplitude spec-
43 1 trum of a constant in the time domain, normalized to an ampli-
400 4 tude of 1 at zero frequency. In the case of non-equidistant sa
35; 1 pling, peaks in the amplitude window indicate periodiatia
= “F the sampling of the time series corresponding to the fregjesn
z 3.0 4 where these peaks occur. A frequently returned signatutteein
P 1 spectral window of astronomical single-site measuremisnds
B set of peaks at integer multiples of 1'd This is the Fourier-
2.0 1 Space representation of periodic data gaps due to daylight a
L5k 1 termed ‘1d! aliasing'.
F 1 Since the spectral signi cance is a more subtle and sensi-
10p 1 tive quantity taking into account more information on thaek
050 4 domain sampling, it is possible to introduce a more semsitiv
2 1 analogy to the spectral window, tiSock Diagrafi. As with all
0-(1700 = “‘1“01 = 1‘02 = 1‘03 = 1‘04 —— formalism in terms of spectral signi cance, it is frequenayd
K phase-resolved.

In analogy to the spectral window, the Sock Diagram rep-
ents the spectral signi cance variations with freqyeacd
ﬁhase for a constant amplitude, or amplitude signal-teem-

B. 1t provides quantitative information on the in uencg the
time-domain sampling on the spectral signi cance. Funthare,
it displays the quality of signal-to-noise ratio-basedmaation
for all possible frequencies and phases at a glance. Prmyidi
both information on gaps in the sampling and frequency regio
with poor accuracy of the DFT amplitude, the Sock Diagram

and eq 24 becomes fully compatible to the de nition of thehows where DFT-based signal-to-noise ratio estimatite fa
Lomb-Scargle Periodogramin this context, the improvement ~ The normalization of th&ock Function

Fig. 2. Spectral signi cance (sig) associated with an amplituo%S
signal-to-noise ratio of 4, withoutlashed ling and with &olid
line) prewhitening of the considered peak, depending on t
number of time series data points. If the amplitude noisais c
culated after prewhitening, the spectral signi cance asged
with a signal-to-noise ratio of 4 decreases below the edgiita
limit of 5:46 for short datasets.

of the spectral signi cance compared to the Lomb-Scargle écos’-( o) sir( 0)§
Periodogram is the correct statistical implementatiorhefar- sock(!; ) := > + > ; (39)
ticially xed time series mean. Remembering that the iaiti 0 0

condition that led to the Lomb-Scargle Periodogram wassteayrgvides an expected value 1 on the assumption of uniformly
squares solution (unfortunately without handling the z@&an  gistributed arguments of the trigonometric functions. §hu
correction appropriately), the signi cance spectrum géitisfy

the corresponding least-squares condition for the zeranroer- Sig(Aj L )= KA%loge
rected data as well. This is in perfect agreement with theltes 9AIL )= 4 %2
of simulations, as presentedin.2.

Since the Fourier-Space ect of the zero-mean correc-2S Obtained from ef. 24, permits to compute the spectral sig-
tion tends to vanish for in nitely long time series, one wdul N cance associated with an amplitud® based on the Sock

expect the dierence between the Lomb-Scargle PeriodograRjagram. In terms of signal-to-noise ratio, gqj. 30 evalsizte
and the spectral signi cance to become small (or even niglig 2

sock(!; ) ; (40)

!
ble) for long datasets. The performance of DFT, Lomb-Seardig(Aj!; )= loge A sock(!; ): (41)
Periodogram, and spectral signi cance is compared for e 4 PAi
ries of di erent length i 614. Since the orientation, of the elliptical PDF in Fourier Space

On the other hand, the spectral signi cance for the Floatingppears only in the form ¢ in all equations related to spec-

Mean Periodogram (Cumming, Marcy & Butler 1999), ther| signi cance, phase angles in Fig. 3 &nd 4 consistesfigr
statistic of which appears not to ser from zero-mean correc- o the position of the semi-minor axis of the rms error eblips
tion problems, is directly obtained by using led. 24 with) o to achieve better visibility: using o instead of provides a

and o as given above (eds.[36.187] 38). constant alignment of the spectral signi cance maxima iaggh
for all frequencies.
5.6. The Sock Diagram Fig.3 displays the Sock Diagram for typical non-equidistan

sampling representing 10 nights yielding 381 data points of
In 5.5.1, the spectral signi cance was introduced as a reprsingle-siteV photometry of star #89 in the young open cluster
sentation of the statistical properties of time-domain gimy 1C 4996 (Zwintz et al. 2004; Zwintz & Weiss 2006). Regardless
in Fourier Space, applied to the amplitude spectrum of argivef the astrophysical dimension, these observations haee be
observable (e@.24). Selecting a single frequency and prasechosen as the primary test dataset, because they impligssive
gle, one nds the spectral signi cance to be proportionattie show all the characteristics typical for single-site meaments
squared amplitude. This property makes it easy to deteraminethat make multifrequency analysis a puzzling task.
analogy to the spectral window. The Sock Diagram uses three-dimensional polar coordi-
nates: for each frequency, the angular coordinate refgrisdse,

5 Lomb's (1976) original publication deals with periodogramaly-
sis in terms of power. The expression of the present resulerins of  ® The nomenclature is motivated by the shape of the diagrdrie i
squared amplitude produces explicit consistency. time-domain sampling is close to equidistant (see, e. g.[45i
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Fig.3. Sock Diagram (in cylindrical coordinates) for thé Fig.4. Sock Diagram for MOST (‘Microvariability and
measurements of IC 4996 # 89, displaying the relative viariat Oscillations of STars'; Walker et al. 2003) measurements of
of the spectral signi cance (radial coordinate) with fremey  Oph. Due to practically equidistant sampling (duty cycle
(height coordinate) and phase (azimuthal coordinate) fmma  99:9 %, the relative variations of the spectral signi cancetwit
stant signal-to-noise ratio, and hence providing an oeendf frequency and phase arel0 3, even close to the orbital period
the e ect of time-domain sampling properties in Fourier Spacef the satellite ( 14:2d ). As illustrated by the color bar in the
Better visibility is achieved by additional color codingferring lower panel, the color coding scale @irs from Figl 8 consider-

to the color bar in the lower panel. The susceptibility of DFRbIy.

spectra to 1 d aliasing shows up in spectral signi cance varia-

tions of up to a factor 35.
5.7. The marginal distribution of phase angles

An alternative method to the computation of spectral signif

and the radial component is associated with the spectnail sig * ; . ;
cance normalized to an expected value of 1 (according @qngcance as a function of amplitude and phase simultaneously

To enhance the visibility, the radial information is colareed would be to use th.e_ phase; informati(_)n sep_arately_ in.gddition
additionally. to, e.g., some traditional signal-to-noise ratio-basdiadlvity

The spectral signi cance variations close 501, 5, and estimate. The idea is that for white noise in the time domain,
2d ! clearly indicate frequencies where signal-to-n’oise’ rasio (N€ Fourier phases are not uniformly distributed and thetth
timation of False-Alarm Probability is potentially mistiiag. ditional incorporation of the phase information may prevl

An example for excellent sampling is shown in [Fig. 4, repréT—]Ore detailed criterion on the reliability of a peak. .
senting 72 055 MOSTdata points of Oph Fabry Imaging pho- The overall distribution of phases at a given frequency is im
tometry (Walker et al. 2004; Walker et al. 2005) with a dutgley medl_ately obta_uned_ by integrating the bivariate PDF[(e}olér
of 99:9%, obtained between May 17 and June 14, 2004. TAg'Plitude, which yields
data reductionis performed according to the procedureitiest K o o
by Reegen et al. (2006). Even for frequencies close td d 4 ()= > >
— corresponding to the orbital period of the satellite (201in; jcog( o) FsiP( o)
Walker et al. 2003) — the spectral signi cance varies wité-fr
quency and phase by only0:1 %.

; (42)

normalized for phaseson an interval of width . This avoids
the ambiguity of solutions for, modulo , as discussed [0 5.3.

7 MOST is a Canadian Space Agency mission, jointly operated b)f_l The expected value of this probability distribution is
Dynacon Inc., the University of Toronto Institute of Aerasp Studies, PNases associated to a low spectral signi cance (for given a
the University of British Columbia, and with the assistarafethe plitude) generally occur more frequently than phases fackvh
University of Vienna, Austria. the spectral signi cance is high. The special cage= ¢ yields




10 P. Reegen: i§Spec

Xin .h . D . Eig
—@ X« A cos Ity cos 't = 0; (44)
k=0
D ~E P - :
where the termcos I't, =1 Kleos Ty takes into

account that the discrete t has to be zero-mean correcfed, i
applied to zero-mean corrected dataThe derivatives lead to

K1 L gb‘( 1
X COS Ity =Az cod It
k=0 ) " k=0
1h NP
= cos It ; (45)
K 8
K1 . 3Kl R
X sin Tty =Ag cos 't sin Tty
k=0 " k=0 )
1 .ih N
— cos Mty sin "t : (46)
Fig. 5.Expected valuessflid line§ and rms errorsgray-shaded
areag of the probability distribution of phase angles in Fourie . ~
Space for white noise on the IC 4996 # 89 sampling. éolvmg for yields
K1K 1K1
an upper limit of-p= 52 for the standard deviation obtained [sin” (t  t) sin!"(tm tJIxccOS Y
2"3 k=0 1=0 m=0
by eq[42.
In statistical terms, the phase distribution provided a&isv _ 0: (47)
a marginal distributionof the bivariate PDF given by €g.114. '
Instead of statistically examining a bivariate distribatj one )
may use the two marginal distributions (in the present o, Which nally reduces to
amplitude and phase distributions) instead, but encoungter Py R Pe 1.
loss of accuracy, since correlations between the two randoim ~_ P1_jgcosttc P2 yigsin!t
N \ o tant = —p Pt (48)
ables remain unresolved. Therefore, from the theoretioaltp P Klsin'ty Ps dcos! 't

of view, it is advisable to use the bivariate form rather thiam
marginal distributions. An additional problem is that thés ysing
no analytical solution for the integral over phase, whictuigo
transform the bivariate PDF into the marginal distributidam- K1 1 1

plitudes. One would have to employ classical techniquegngl P; := K cos! ™t sin!"ty cos! "ty sin"t&; (49)
on the amplitude signal-to-noise ratio instead. k=0 k=0 k=0

In addition to these theoretical objections to the exanomnat K 1 1
K  cogrt cos! ty

of marginal distributions, there is a major practical coaisit: P,
Fig.[3 displays the expected values and standard deviatibns k=0 -0
Fourier phase for frequencies between 1.3 and 2, 7given the K1 )
Si? It E sin!AtkE :
0 k=0

; (50)

sampling of IC 4996 # 89. In the considered frequency rafge, t_
rms scatter of phases is greater than #4 the entire frequency Ps = K
range under consideration. Compared to the upper limit of 52 k=

this scatter will probably be much too high to reveal additib E i luti f6t To pick the |
information on the reliability of a peak, if the marginal tlibu- q48 provides two solutions for. To pick the least-squares
tion of phases is considered. related solution is an easy task for a program.

The PDF of phases provided by Eql 42 are in perfect agree- ONnce frequency “and phase of the signal are evaluated,

(51)

ment to the results of numerical simulations. eq[45 immediately yields the best- tting amplitude,
o . . PE_lekcos Ity
5.8. Spectral signi cance-based signal recovery A= P — tp i (52)
Kgcod I K cos

Practical applications are frequently based on a cascacensf
secutive prewhitenings. In this case, the frequency at maxi
spectral signi cance, ;is considered as that of the strongest sig- .
nal component, which is understood to be the next candidate - Numerical tests

p(ewhitening. The next step is to determine the_ best t fOF a4 gets of numerical simulations have been performed, thte
plitude and phase at. The least-squares condition for the beg§q 1 con rm the agreement between the theoretically ateli
sinusoidal tat constant frequendyis obtained by spectral signi cance and a straight-forward histogramliysis,

X1n h D Ei and the second one to quantitatively compare the accuracy of
_@ x Acoslt = cos'ty % _ 0: (43) frequencies returned by the various methods discussedsn th

@ o paper.
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Fig. 6. Spectral signi cance associated with an amplitude signal-
to-noise ratio of 4 for th&/ measurements of IC4996#89. The
blueandred graphs refer to orthogonal phases in Fourier Space.
The expected spectral signi cance 0f5:46 is displayed by the
dashed blackine. The verticaldashed-dotted greelne indi-
cates the frequency of456d !, which was selected for a nu-
merical simulation to check the validity of the theoretiep- Fig. 7. Phase-dependent spectral signi cance (radial coordinate
proach. referred to by the vertical axis) for th& measurements of
IC 4996 # 89 at a constant frequency 0936d ! as a function
) ) ) ) of phase, referring to an amplitude signal-to-noise raftib. @he
6.1. Comparison of analytical and numerical solutions solid line represents the theoretical result. A numerical simula-

ion for 1.5 million synthetic datasetsl¢t§ — counted in phase

Extensive numerical simulations have been performed ileror({;. ; .
to examine the validity of the above theoretical considerat °iNS Of width 1 —illustrates the excellent agreement. The sys-
matically higher deviation of the numerical results frtme

The simulations are set up in a way that compares closelyato r : ; . o X
life. The algorithm to generate Gaussian noise is based en t emem*’?" squtlo.ns at hlgher spectr.al Signi cances ue do
Central Limit Theorem (Stuart & Ord 1994, pp. 310f), provigi sample-size eects: phase bins associated with a high theoret-

fast convergence of a mean value of uniformly distributes ralCal SPectral signi cance are hitless often than othersitéethe
dom variables towards a Gaussian distribution with indregs ©0t&l number of Fourier Amplitudes to be examinedefs from

number of variables. All of the following numerical applins Phase bin to phase bin. Tiashed linaepresents the expected

rely on Gaussian noise produced by summing up 10 values frgRectral signi cance of 0:34 associated with a signal-to-noise

the random number generator. A comprehensive compilation r@tio of 1 for uniformly distributed arguments of all trigomet-

alternative methods to generate Gaussian noise is protiged’'c functions.
Firneis (1970).

An all-in-one simulation for many frequencies, many phases$. If the Fourier Amplitude exceeds the signal-to-noiséorat
and many amplitudes would result in tremendously time- under consideration, the resulting histogram is updated co
consuming computations. In order to keep thewt reasonable, respondingly.
only a single frequency is picked to examine the phase depen- . ) o
dency of the spectral signi cance for dérent amplitudes. 'I_'he number of amplitudes excee_dlng the preselgcted _Imat re

Fig. 6 displays the spectral signi cance associated with 4fye to the total number of synthetic datasets provides amas
amplitude signal-to-noise ratio of 4 — according to eq. 3@¢- ftor for the False-Alarm Probability (and consequently sizgc
the V data of IC 4996 #89. The blue and red graphs represé&i@ni cance) associated with the chosen signal-to-naasier
two orthogonal phases in Fourier Space. The comparison-of nu Figs. 7 to 9 display the agreement between theory and sim-
merical and theoretical results is performed for a freqyesfc Ulations for amplitude signal-to-noise ratios of 1, 2, andBe
1:956 d 1, where the deviation of spectral signi cances from th&0rresponding numbers of synthetic datasets computed:are 1
expected value:B6 is 5 for selected phase angles. Since it iglillion, 22 million, and 250 million, correspondingly. Inlla
desired to examine the presence of spectral signi canciavarthree cases, phase bins of widttviere used for the histograms.

tions with phase in numerical results where predicted bgrje FOr @ signal-to-noise ratio of 4, the number of synthetiasets
this frequency is a reasonable choice for a test. required for an acceptable numerical accuracy would exteed

The procedure consists of ve steps. capabilities of computational performance, especialhsehof
system random number sequences, by far.
1. Zero-mean Gaussian noise with a standard deviation of 1 is Phases associated with a high spectral signi cance ocssr le
imposed upon the IC 4996 # 89 sampling. frequently than others (see 5.7), whence the scatter of ricahe
2. The zero-mean correction is performed to avoid scattitidn results is systematically higher at higher spectral sigance
mean of the nite time series about the population mean (sé®vels due to sample-size ects. Taking this into account, the

5.1). overall quality of ts is good. In neither of the three plots,
3. The Fourier-Space phase angle for the synthetic timessersystematic deviation of the numerical results from the wizal
at 1:956 d ! is evaluated. cal functions is visible. However, the theoretical preidictfor

4. The Fourier-Space noise is evaluated upon the variancettod overall shape is recovered by the numerical resultgand
the time series according to eq. B.11. ing that the ellipticity given by the normalized axeg and ¢
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improvement of peak frequencies by a subsequent leastessjua
t &, Lomb-Scargle Periodogram, and spectral signi canceyanal
sis are based on the identi cation of the highest peak in &eho
frequency interval.

A quantitative description of the quality of resulting fresn-
cies with and without noise was obtained by means of simula-
tions. For the sampling of the IC 4996 # 89 datasét the fol-
lowing procedure is performed:

1. a synthetic signal of given frequenfyand amplitude with
random phase (uniformly distributed on [ ]) is gener-
ated,

2. Gaussian noise with given standard deviation is added (op
tional),

3. zero-mean correction of the resulting dataset is perédim

4. a DFT amplitude spectrum, a Lomb-Scargle Periodogram, a
spectrum of phase dispersfprand a signi cance spectrum
are computed for a prede ned frequency range,

5. an interpolation routine is performed to nd the maximum
(or minimum phase dispersion, respectively) in each of the
four spectra, and

Fig. 8. Same as Fig. 7, but for an amplitude signal-to-noise rati®- the deviation of the resulting frequency from the corozap
of 2. Thedotsrefer to a numerical simulation for 22 million  Ing input frequency, f, is evaluated.
synthetic datasets. The expected spectral signi canca lsv

1-36 (dashed ling. For each frequency, deviation$ were collected to obtain a

frequency-dependent rms error of recovered frequenciesrev
only attempts withj fj 0:5d ! were taken into account.
Attempts resulting i fj > 0:5d * were considered alias.

The example illustrated by Figs. 10, 11 uses the IC 4996 # 89
data.

Fig. 10 shows the comparison of the ve methods. For each
frequency, 1000 datasets were examined. The gure displays
the rms deviation (denotgd fj) of resulting frequencies as a
function of the signal frequencfs. The top panel refers to a
clean sinusoidal signal without noise. Towards the bottamsh
Gaussian noise with increasing standard deviation is a¢iubee
responding to signal-to-noise ratios of 40 and 4, respelgtiv
using eq. 35).

For a signal without noise (top panel), the frequency ac-
curacies of the Lomb-Scargle Periodogram exceed that of the
DFT by a factor 10, and both pro les show accuracy varia-
tions with frequency. The Lomb-Scargle Periodogram doés no
take into account zero-mean correction, as shown in 5.%i4. T
leads to systematic &cts not only for short datasets, but also
in frequency regions where the phase coverage becomedipoor.
the absence of noise, frequencies at maximum spectral-signi
cance are 100000 times more accurate than the DFT results,
] ] ] ] ] which is in the accuracy domain of the least-squares salsitio
Fig. 9. Same as Fig. 7, but for an amplitude signal-to-noise ratigyparently the accuracy of the spectral signi cance peaks i
of 3. Thedotsrefer to a numerical simulation for 250 million only limited by the internal accuracy of the computer for dies
synthetic datasets. The expected spectral signi canad Isv  precision oating-point numbers. In addition, the accuyrad
3:07 (dashed ling spectral signi cance is, in this respect, practically ipgadent
of frequency.

matches the “reality’ of simulation. Also the orientatiohtloe Once noise is added to the signal, the peak frequency ac-

. . : . . f spectral signi cance becomes much poorer (inisens

ellipse (o) appears consistent with the synthetic data. F|naII§uraCy9 , .
: : : 9 . _ tency with O'Donoghue & Montgomery 1999), but as illustiite

the consecutive comparison of Figs. 7 to convineing ev by Fig. 10, the method does not get worse than either alterna-

idence of the spectral signi cance at a constant frequemcly Ve procedure. The improvement of the frequency accuracy b
phase angle to be proportional to the squared amplitudegas P oL P ; X €q y accurgcy
he spectral signi cance solution for high signal-to-reiatio is

dicted by the theoretical solution. valuable, since the exact knowledge of frequency provigdaste

6.2. Accuracy of peak frequencies 8 DFT su ers from systematic deviations of peak frequencies
(Kovacs 1980).

One of the major issues in period searches is the accuracy 6fThe PDM tested here is based on 300 equidistant phase bins of

the resulting signal frequencies. Classical DFT with ohwitt constant widthg rad.
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Fig. 10. Frequency accuracy (rms scatter of resulting frequendiesitathe initial frequency for a single sinusoidal signathwi
uniformly distributed phase) vs. signal frequency of vetimeds: DFT 6olid orange ling, DFT plus least-squares ttings6lid
blue ling, Lomb-Scargle Periodograrsdlid green ling, PDM (dotted black ling and spectral signi cancesflid red ling. The
time-domain sampling represents tieneasurements of 1IC 4996 # 89. Ttop panel is the frequency accuracy for a pure signal.
Towards thebottompanel, Gaussian noise with increasing standard deviaiadded to the signal in two steps, corresponding to
amplitude signal-to-noise ratios of 40 and 4, respectiv@hly those attempts where the distance between resufiagéncy and
input frequency does not exceeb @ * were taken into account, the rest was considered alias (3p€T@e results are based on a
numerical simulation investigating 1 000 datasets foreff@guency.

IDf | [d] (SIN = 4)

/ lu‘ I\
H itk T

Whienil
. | I | I |

le-02=

prewhitening. Only exact prewhitening guarantees thatkeea  Fig.11 displays a comparison of DFT, Lomb-Scargle
frequency components are not contaminated by spuriousuesiPeriodogram, PDM, and spectral signi cance in terms of frac
als of the higher peaks. tion of aliases among the 1 000 simulated test datasets osed i

6.2. As in Fig. 10, the top panel refers to signal without apis

and Gaussian noise of increasing standard deviation isiadele
6.3. Aliasing wards the bottom panel. Not surprisingly, the susceptybdf

the DFT to aliasing does not improve, if a least-squares-algo
One potential weakness of the DFT, which usually becomes ptithm is appended. The portion of aliases obtained using the
zling in the analysis of non-equidistantly sampled timeesgr Lomb-Scargle Periodogram is fairly below that of the DFT.
is the susceptibility to aliasing. Whereas measuremergsiav Finally, the gure clearly shows that the spectral signireze
nite time would lead to perfectly delta-shaped signal camp analysis is more stable against aliasing than either cosdpar
nents, the spectral window of “real' data is convolved ifis t Strategy. Without noise, not a single alias peak occurs gmon
“ideal' spectrum. For typical single-site observationd, 4side- altogether 300 000 simulated datasets. For a signal-tsermat-
lobes are visible around every signal peak, and in many daseo of 40, the percentage of alias peaks is less than a third of
is hard to decide which peak out of the “comb’ of aliases is ttiee corresponding percentage of the alternative methwels,a
right one. For multiperiodic signal, aliases of individwaim- 1d *. Only for the highest noise level, to which the bottom panel
ponents may interfere. If this interference leads to an acapl refers, all results are quite comparable.
tion, an erroneous component identi cation is inevitabiden Since the spectral signi cance is not initially intended to
only relying on the highest amplitude. This applies to thecsp correct for aliasing, its capabilities to avoid potentiabkitden-
tral signi cance as well and re ects a major weakness of thication of peaks are limited to the extent of spuriously am
step-by-step prewhitening technique rather than the lon pli ed peaks by systematic inhomogeneities of the freqyenc
of the spectral signi cance. Strategies to overcome thesalg domain noise. Simulations and practical experience sha th
problem have been examined for many years (e. g. FerramMahe systematic errors of spectral noise are an inferior smorce
1981; Roberts, Lehar & Dreher 1987; Foster 1995). compared to the interference of aliases ofatent signal com-
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Fig. 11.Relative number of aliases vs. signal frequency of four washDFT plus least-squares ttingléshed blue ling Lomb-
Scargle Periodogransglid green ling, PDM (dotted black ling and spectral signi cancesflid red ling. In this context, a result

is considered alias, if the absolute drence between resulting frequency and signal frequerzsegls 6 d 1. The DFT without
least-squares tting is not displayed here. It producesmisslly the same fraction of alias, because the leastrsguiallows a ne
tuning of resulting peak frequencies only, which is negligiconsidering frequency errors ab@ * and more. The time-domain
sampling represents thé measurements of IC 4996 # 89. Ttop panel is the fraction of alias peaks for a pure signal. Toward
thebottompanel, Gaussian noise with increasing standard deviaiadded to the signal in two steps, corresponding to amplitud
signal-to-noise ratios of 40 and 4, respectively. In theargpo panels, the DFT graph is set vertically by 0:01 and the Lomb-
Scargle graph by 0:01 to provide better visibility at and close to zero. The hssare based on a numerical simulation investigating
1 000 datasets for every frequency.

ponents. Presently investigations are performed to agmy t Fig.12 shows the frequency accuracies of the compared

spectral signi cance technique to simultaneous multgfrency methods for the short dataset in tiog panel. The display is ex-

solving algorithms for an improved treatment of aliases T+ actly according to Fig. 10. Thieottompanel contains the iden-

sults are planned to be presented in paper II. tical analysis of frequency accuracies for the long dataseit
indicates an improved overall precision of the DFT and Lomb-
Scargle Periodogram, if the number of data increases.

6.4. Sample size effects

A further example is provided to compare the performance of However, 1d* aliasing persists also for the long time se-
DFT, Lomb-Scargle Periodogram, and spectral signi carare ffies (Fig. 13), which is compatible with the persisting sjeeaks

datasets of equal (or at least comparable) characteristicdif- in the spectral window at integer multiples of I'dSince the
ferent length. zero-mean correction is represented by the subtractiorcofa

The “lond' dataset ts 34 niaht i t.stant from all observables in the entire time series (refgro
€ 'ong dalaset represents nights (not cansecu “é%{s.?», 4), it is not surprising that the techniques whicloign

but covering 81 d) of single-site photometry of the Deltatsc e . . . i
star 44 Tau (Stremgrey) 2 981 data points; Antoci et al. 20061)Jthe statistical eects of zero-mean correction retain these spec

acquired by the Vienna University Automatic PhotoeIectri%aéggggmtrselated weaknesses also in case of a large numbe
Telescope (APT; Strassmeier et al. 1997; Granzer et al.)200 '

More details on the data are provided in Section7. The “short

dataset is a subset of 7 consecutive nights (619 points). For The result of spectral signi cance calculations is not pro-
the subsequent investigations, only the sampling of these tvided in these graphs: the deviation of frequencies is pract
datasets is used. Peak frequency accuracies are computectalty equal to zero independently of frequency — as for the

cording to the procedure described in 6.2. IC 4996 # 89 data (top panel in Fig. 10).
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Fig. 12. Frequency accuracy (rms scatter of resulting frequepig. 13. Same as Fig. 12, but displaying the relative number
cies about initial frequency for a single sinusoidal signéh  of aliases vs. the signal frequency of DF3olid orang@ and
uniformly distributed phase) vs. signal frequency of DIF-( | omb-Scargle Periodogrardgshed greenIn this context, a re-
angg and Lomb-Scargle Periodogrargré¢er). The simulated syt is considered alias, if the absolute éience between result-
time series represent pure signal without noise at unifpdis-  ing frequency and signal frequency exceetia®. The spectral
tributed phase angles. Thep panel represents the frequencyigni cance does not produce a single alias maximumiin tive si
accuracy for seven consecutive nights of single-site phetoy ylations, similar to the top panel in Fig. 11. The correspogd

of 44 Tau (Stremgrey, 619 data points). These data are a subsgiaphs are thus not presented here. The DFT graplsistwerti-

of the 81 days long time series presented intbtompanel (34 cally by 0:01 and the Lomb-Scargle graph 59:01 to provide
nights, 2981 data points). The plots illustrate the improgat petter visibility at and close to zero.

of the overall frequency accuracy of both methods for thgéwn

dataset. The corresponding deviations obtained usingpthe- s

tral signi cance are practically zero, similar to the topnghin prewhitening sequence relying on a signal-to-noise raiit |
Fig. 10, and thus not presented here. Only those attemptewhaf 4. Except for the higher threshold, this is exactly the sam
the distance between resulting frequency and input fregpueriechnique as applied to the campaign data. In any case,ahe fr
does not exceed:Bd ! were taken into account, the rest wasjuencies found in the APT subset were cross-identi ed with t
considered alias. The results are based on a numericalasimfilequencies published for the full dataset (Antoci et al0&0
tion investigating 1 000 datasets for every frequency. The result for the APT data is displayed in columns 5 and 6. In
v, 20 of the 29 signal components are foundyionly 15. With
each lter, 1d?! aliasing is found for 2 frequencies, which are
indicated byitalc print.

Columns 7 and 8 refer to the correspondingSpecanalysis
The formal concept of spectral signicance does not onlysing a spectral signi cance limit of:86 and reproducing all
provide reliable information on the sampling charactarisin  frequencies except for onevwand 5 iny. The number of aliases
the time domain, but also allows to include the computatiofs8 invand 4 iny, but the majority of aliases in thegSpeaesult
into a prewhitening sequence.igSpec realizes the entire occurs for frequencies not resolved by the alternativertiegie
procedure as a high-performance algorithm. Implementatioat all.
for various operating systems and CPUs for free down- For additional practical examples, the reader is referced t
load at http://www.astro.univie.ac.at/SigSpec . Reegen (2005).

The ANSI-C source code is available on request
(reegen@astro.univie.ac.at ).

The SgSpedechnique was applied to numerous datasets a
has proven its value also in other scienti ¢ problems. A pirac 8.1. Spectral signi cance for statistically weighted time
cal example for a situation wheregSpecperforms superior to series
classical DFT-based signal-to-noise ratio estimationvergin . . )
Table 1. Columns 1 and 2 represent 13 identi ed eigenfrequefistronomical measurements are generally in uenced by urst
cies plus 16 excited linear combinations of th@ct star 44 Tau Mental and environmental conditions changing with timeush
(Antoci et al. 2006). The corresponding Stremgyveandy am- di erent accuracies for derent data points are involved, which
plitudes as obtained from a multisite campaign in 20Qlare are frequently desired to be taken into account by applying
displayed in columns 3 and 4. The underlying light curves coie€ights to the observables. If the accuracy is poor, theeeorr
sist of 3890 points iv and 3582 points ily. For the analysis of SPonding weight is low, and high-accuracy data points are as
the campaign data, the signal-to-noise ratio thresholgpémk Signed a high weight, respectively. Furthermore, muéisam-
acceptance was chosen to bg.3 paigns employ _dlerent telescope; with derent !nstrumental

The major part of the data (3280 points i 2981 parameters, which may also require an appropriate weightin

points iny) was acquired by the Vienna University Automatic. | NiS Section refers to a set of statistical weights, k =

7. SigSpec Practical application

Ry Further Topics

Photoelectric Telescope (APT; Strassmeier et al. 1997yt O K 1, normalized according to
et al. 2001). The data represent 34 nights covering a tinee-int y ;
val of 81 d. As a comparative test of the practical perfornesofc C =K (53)

SigSpeg the APT data alone were analysed using a DFT-based,
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Table 1. Frequencies detected in multisite data of 44 Tau, ad-. The weighted mean value to be subtracted from every data
cording to Antoci et al. (2006, andA, are the published am-  point is calculated according to

plitudes (mmag) in Streamgrenandy for the 200102 multisite

data (3890 points irv, 3582 points iny). The corresponding .1 X1 )

columns indicated by 78I' contain a cross-identi cation for the hd = K kX - (56)
data obtained by the Vienna University Automatic Photaeiec k=0

Telescope (Strassmeier et al. 1997; Granzer et al. 200hein t  Further considerations assummeto be already zero-mean
course of this campaign (3 280 pointsir2 981 points iry). An corrected.

amplitude signal-to-noise rati® 4 was used. The columns in- 2. Also the weighted mean variance of the data,
dicated by “sig' represent the cross-identi cation of thieivha

APT data with the complete campaign dataset using the result D2E 1 X1 5

of the SgSpecanalysis, based on a spectral signi cance limitof % = K kXic 5

5:46. Amplitudes initalic print refer to 1d* alias peaks. Since k=0

the peaks for the APT subset were assigned to correspondingcan be used as an estimator for the variance of the corre-
peaks in the total dataset, individual frequencies are it d  sponding population.

(57)

played. 3. The DFT is determined by the weighted Fourier Cants
h i
fd? total APT, SN APT, sig 1 K1
, am(tn) = = KXk cos! ntic; (58)
id A A A A A A K o
f, 6.8980 39.51 27.27 3941 2720 39.95 27.14 =
fa 7.0060 17.20 12.15 18.90 13.21 19.95 13.61 1 K1
f3 9.1175 21.02 14.57 16.96 11.62 16.34 11.24 | - = inl .
fs 115196 1656 1179 1828 1288 17.56 12.90 bz (! ) K KXk SINY nlc (59)
fs 89606 1373 932 1386 9.80 1463 975 k=0
fs 95613 1862 1292 1084 7.38 994  6.68 . . )
f7 7.3034 546 376 723 483 737 506 4. The parameters characterizing the sampling propertigs m
fo 95801 364 225 197 128 223 153
f10 6.3390 2.08 162 234 178 225 186 2
fig 86394 171 145 200 156 172 121 21, )= —
f10 11.2946 1.35 0.92 1.02 — 072 — 0\ K2
fig 12.6967 024 052 — — 059 — g K 1 . g
sK kcos (! te o) kcos(' ti  o)€x ; (60)
2f 137962 158 118 152 138 165  1.32 Z ‘o :
fi+f, 139040 145 102 135 102 124 0.98 =0 =
2f, 14.0120 0.40 0.50 — — 0.80 — 2
f1+ fs 15.8586 1.16 1.02 1.22 — 1.22 0.80 (2)(!; 0) = —
fi+f; 160155 1.63 129 0.93 — 069 064 8 K2 9
f,+f; 161235 079 085 — — 043 041 K 1 1 3
fi+fs 164593 125  0.66 — — 036 — % . . E]
f,+f, 165673 065 032 — — — 046 §K ksif (!t o) ksin(lt, o) 3 (61)
fa+ g 18.3149 1.11 0.48 — — 0.56 0.55 T 0 k=0 ;
f+f, 184177 169 110 167 127 195 145
f,+f, 185256 114  0.96  0.96 — 098 059 n20()=
fo+fs 204802 122 094 124 107 124  1.09 1 1 1
fi+f, 206371 091 081 — — 040 — X _ X X .
fu+f,  21.0809 077  0.46 — — 058 046 ksin2 t, 2 k cos! ty kSin! ty
21, 230392 112 078 117 — 111 078 ko ko k=0
2f,+f, 299373 057  0.35 — — 070 050 = = 3
X 1 1
kCOS 2 ty kcos! ty
Weighting may be considered as counting an itemf, e. g., k=0 L k=0
an arithmetic mean repeatedly instead of only once. If the-nu 1
ber of counts for an arbitrary is ny, then the arithmetic mean + ksin! tg (62)
overall (,k=0;1;::;;K 1isexpressed as k=0
Pk n These parameters provide eq. 25 to return the weighted-signi
hi = _#(?O—kk ; (54) cance spectrum of the dataset.
k=0 Nk In the case of x =: 1 8k, these relations consistently reduce

_ ) _ ~ to egs. 10, 17, 18 for unweighted analysis, respectivelyefsi
In this case, eq. 53 demands the normalized weights to i intthe above re-de nitions, eq. 24 and the corresponding ctemai

duced according to tions — conversion between signal-to-noise ratio and signce
K (5.5_.3) and Sock Diagram (5.6) — readily apply to weighteukti
= Py k_ . (55) Seriesas well.
k=0 Mk

These arguments may consistently be followed to obtainthe s 8.2. Spectral signi cance for zero-mean corrected subsets

sequent relations (egs. 56 to 62). In some cases one may demand to correct the mean magnitude

The implementation of statistical weights has to be pefer individual subsets instead of the entire time series, if.the
formed for all elements of the spectral signi cance relatiodata were obtained by dérent instruments, or if the subtraction
(eq. 24, or 25, respectively). of nightly averages is performed. In this case the in uencée
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statistical description of the noise to which an amplituslesl is However, there is evident demand for further investigation
compared has to re ect the subdivision correspondinglye@i in the presence of colored noise. The statistical desoripif
a subset indexs = 1;2; :::;S, whereS denotes the total numbercolored noise and its implementation into the evaluatiothef
of subsets, eqs. 3, 4 have to be re-written according to spectral signi cance is the subject of present and ongaings-
tigation and will be discussed in a dedicated publicaticapgy

In).

azn, (! ) =
1 !
XskCOS! sk 1 Xsk oS! taf; (63)
s1 k=0 S k=0 1=0
bz *)
Q%L K1
Xsk Sin! tex rR sin! tg (64)
s1 k=0 S k=0 1=0

In this context, each registration time and observablesigasd

9. Conclusions

SigSpecexceeds the diagnostic capabilities of Discrete Fourier
Transform, Lomb-Scargle Periodogram, Phase Dispersion
Minimization, and least-squares ts in various respects.

two indices, writingxsx. The rst index refers to the subset, and1. SgSpecdoes not compare one peak amplitude to another.

the second index is the identi er of the data point within the
subset. The number of qgta points within the suksstlenoted
by K, and nally K : ~, Ks for the total number of data
points in the entire t|me senes

Further calculations follow the procedure described in
Section 5 exactly and yield

B 1 5 1 5 1
tan20(!) = KS sin 2 tgk cos! tek sin! tgy
k=0 = =
1 1 !
cosz tsk cos! tgde + sin! tgdg ¥ (65)
=1 k=0 k=0 k=0

for the orientation of the rms error ellipse, in analogy to &y
Correspondingly, the normalized axes of the ellipse (egsl&)
evaluate to
2*5*1
o, o= 8

=1
? ?E
v cos(! tss o)

56 9
oll; 0= s sif(ts o)

s1" k=0
e ol
— sin(ltss o)z

CO§ ("tsk o)

(67)

1=0 4.

8.3. Colored noise

SigSpecdoes not take into account colored noise. Since there

are both instrumental ects (e.g. CCD readout, stability of the
spacecraft position) and stellar variations (e. g. low-Eionge
modes, granulation noise) to be considered and neithereskth
two sources may be determined unambiguously, it is prgsentl
impossible to deduce a reliable amplitude noise pro le faam
surements in many cases.

(66) 3.

Thus it avoids implications to the statistical independenc
of peaks in the amplitude spectrum at a single prewhitening
stage and the ambiguity in de ning a Nyquist Frequency,
which all compared methods ser from. The implicit
comparison of peaks by selecting the dominant one for
prewhitening may be performed free of the frequency and
phase dependencies of Fourier amplitudes, if the spedral s
ni cance is used instead (6.1). One remaining issue in this
context is the eect of multiple hypothesis testing on step-
by-step identi cation and prewhitening. The propagatién o
uncertainties from one prewhitening step to another will be
a topic in Paper Il examining the DFT on multi-periodic sig-
nals.

. SgSpecis based on an analytically straight determination of

the amplitude Probability Density Function (5.3). Prowdde
the noise is white (but not necessarily Gaussiaigg&cre-
turnsexactresults instead of signal-to-noise ratio estimates
(6.1). A more realistic approach is the introduction of col-
ored noise in the sense of serially correlated measurements
Paper Il is planned to discuss the appropriate incorpamati
of the serial correlation into the spectral signi cance @m
tation.

dgSpecis the rst technique in astronomical time series
analysis to use both frequency and phase angle in the compu-
tation of the False-Alarm Probability (Section 5), appiepr
ately encountering the fact that the amplitude noise level i
systematically dierent for di erent frequencies and phases
in Fourier Space (6.2). The statistics employed ySec
takes into accourdll availableinformation provided by the
Discrete Fourier Transform.

The performance ofi§Specfor a single signal plus noise

is discussed in this paper (6.2, 6.3). For strong signal com-
ponents, the peak frequencies returned lgB$ecare con-
siderably more accurate than the solutions of all compared
methods. For weak signal componenigSpecstill provides

a slightly higher accuracy. Furthermore, there is indarati
that the $ySpecfrequencies are at least as accurate as the
least-squares ts. The systematic examination of multiper
odic signals and a comparison to non-linear least-squases
will be provided in paper Il.

5. Signal-to-noise ratio estimation provides a valid sicamice

The heuristic approach to generate a noise spectrum by estimate, but becomes very poor for low frequencies and in

means of (weighted) moving averages sts from the presence

case of periodicities in the time-domain sampling (6.4).

of unresolved peaks, which increases the risk to miss Bitrin 6. Signal-to-noise ratio-based period detection is a maite

signal. Hence it is advisable to us@Specfor the detection of
signi cant sinusoidal signals and to take exts due to colored

experience and — to some extent — personal tas¢iSp&c
provides a solution that is completely free of subjective in

noise (however the latter may have been determined) into ac- uence. Interpretation is no longer a part of the analysm] a

count by choosing dierent spectral signi cance thresholds for
di erentfrequency regions.

the results remain exactly the same, if two elient persons
apply the calculations to the same data.
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Appendix A: Orientation of the rms Error Ellipse of Fourier C oef cients
Rotating the coordinate system in Fourier Space by a phage atransformsazy, bzy from eqgs. 5, 6 into
1 Xt 1 Xt
(5 o=+  xpBos(tk o) —~ cos('t o), (A1)
K, _ K _
k=0 1=0
1X* 8 1 X
5 o= = xBinltk o + sin(t o)E: (A.2)
K. _ K
k=0 1=0
In terms of the population variance? of the time-domain data, the population variances ofand are
D _E8 9
D E X2 % K1 1 %
2( 0= gk cos( o) cos(lti o)z (A.3)
K3
b Eé k=0 1=0 9
DE X2 % K 1 - 1 _ %
2. o) = 7 3K sif(lte o) sin(lt o)fg: (A.4)
KS
© k=0 1=0 '
The covariance
1 X1 1 X1 1 X1
h i=— xﬁ os(!tk o) — cos(lt o)#min(lt o — sin(lt o) (A.5)
K\ K _ K _
=0 1=0 1=0
vanishes for a random population, if
K1 1 X1 1 X1
os(!t« o) — cos(!ty o)in(ltk o — sin(lt o)#=0: (A.6)
k=0 K s K s
The constanty may be separated from the sums, which yields
X X X
cog o st o cos! tsin! ty cos! t,  sin! t &=
k=0 k=0 k=0
X
cos osin ¢ cog! t, sin! t acos! t& + sin! t.E%: (A7)
k=0 k=0 k=0

where it is not necessary to distinguish between indicaad| any more. Eq. A.7 may be expressed in terms of and 2! ty,
respectively, according to

X X X
cos2 g sin2t 2 cos!'t sin! #=

k=0 k=0 k=0
X

sin2 o cos 2 ty cos! tg + sin! & ¥ : (A.8)
k=0 k=0 k=0

This immediately leads to eq. 10.

Appendix B: PDF Transformation
B.1. General PDF transformation

According to, e.g., Stuart & Ord (1994), pp. 20the PDF conversion between a random variabkend a random variablg
connected vig := y(X) is given by

- dy .
=0 g (B.1)
For multivariate distributions, the generalization of éientials yields

x(X) = AW%%: (B.2)
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with the Jacobian

[Na

dy _

o (B.3)

WK

pleglenie
- |9pleRl9

- P|eRieR|e

B.2. Example: transformations of PDF and expected value for the exponential distribution
If yis an exponentially distributed random variable with the#PD

yy) = e?; (B.4)
eq.B.1forx:= py evaluates to

(X =2xe ¥; (B.5)

where bothx, y are considered positive semi-de nite.
The expected value gfis
Z,

. 1
tyi =: . dyyy() = -; (B.6)
as obtained from eq. B.4. Correspondingly, eq. B.5 yields

Z, r
i =1 dxxx(X)= = (B.7)
0 2

so that

.4,
hyi = — hxi (B.8)

describes the transformation of expected values correpgioy = x2.
For equidistantly sampled noisg in the time domain, the power spectrum associated with thei&oSeries is exponentially
distributed (Schuster 1898; Scargle 1982) according to

K KA2
2 2n2| -
=——e ; B.9
5 5e (B.9)

D_E
where x> denotes the population variance of the noise. The previonsiderations apply through the substitutior: 5 Kz| ,

normalized to single-sided power spectral density (whithoduces the factor 2). According to eq. B.6, the noisellavéhe
spectrum of squared amplitudes evaluates to
D E
DE 2 x2 0
A2 = . (B.10)
For the expected value of the amplitude (i. e. the amplituasenlevel), eq. B.7 yields
r

hAi = K N (B.11)

D E
Eq. B.8 leads to the conversion between the expected vafiasmitude,hAi and squared amplitudeA? , according to

DE 4
AZ = — bAiZ: (B.12)

This is in agreement with the observational results by H&maliunas (1986).
An amplitude signal-to-noise ratio of 4 — introduced as apragpimate signi cance criterion by Breger et al. (1993) —+ren
sponds to a power signal-to-noise ratio of 4 12:57.
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